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We show how to deduce multiplicity one theorems for cuspidal representations
of finite groups of Lie type from analogous results for p-adic groups. We then look
at examples where the latter is known. One such example is the restriction of
 .  . w xirreducible representations of SO n to SO n y 1 S. Rallis, preprint . We show
 .that the multiplicity of a cuspidal representation of the finite group SO n y 1 in
 .  .the restriction of a cuspidal representation of SO n to SO n y 1 is at most one.
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INTRODUCTION
Multiplicity one theorems for Gelfand pairs were established in many
cases for p-adic groups and for finite groups of Lie type. Let G be such a
group and let H be a closed subgroup of G. In general, one picks a
specific representation of H and one tries to prove that the induced
representation from H to G is multiplicity free. In many instances, the
proof in the finite field case mimics the proof in the p-adic field case or
vice versa. However, there are some examples where it is impossible to
mimic the p-adic proof, and moreover, the finite field statement may be
false.
In this paper we show that in these examples, it might still be possible to
have multiplicity one theorems for a certain class of irreducible represen-
tations of the finite Lie group, namely the cuspidal ones. The idea is to
``embed'' the finite group representation into a representation of the
p-adic group using induction from a compact open subgroup mod center,
and to apply the p-adic result for this supercuspidal representation of the
p-adic group.
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Representations of reductive p-adic groups obtained in such a way are
called ``level 1'' representations and were studied extensively in the litera-
 w x.ture see, for example, 11, 6, 7 . In our examples we will only consider
 w xlevel 1 representations coming from special parahoric subgroups see 12
.3.1.1 for definition . We expect similar phenomenon to hold for other level
1 representations. Before stating our main theorem we will look at the
example of orthogonal groups mentioned in the abstract.
Let F be a finite field and let V be an n-dimensional vector space over
 .F. Let Q be a nondegenerate quadratic form on V. Let G s SO Q be the
group of special linear transformations on V preserving Q. Let F be a
p-adic field such that the residue field of F is isomorphic to F. Let O be
the ring of integers in F. Let V be an n-dimensional space over F, let Q
 .be a nondegenerate quadratic form on V, and let G s SO Q . We may
 .choose Q and an embedding of G into GL F so that G is quasi-splitn
over F and splits over an unramified extension of F and so that KrK ( G,1
 .  .where K s G O s GL O l G is a hyperspecial maximal compact sub-n
 w x.group of G, see 12 , and K is a congruence subgroup of G. It is clear1
q . how to do that when G s SO q is split. Here q is the order of F. Seen
w x  . . y .5 2.5.6 for this notation . When G s SO q , we can lift the standardn
w x .  .basis in 5 Proposition 2.5.3 to a basis of V O , and we can let Q be a lift
 .of Q. Then SO Q will satisfy the previous requirements. Notice that we
< <can assume that F is odd because there are no odd orthogonal groups for
even order finite fields.
 .  . HLet j g V be such that q j / 0. Then V s j [ W where W s j .
 .Let H s SO W and we shall assume that j is chosen so that H is
quasi-split and splits over an unramified extension of F. Let K s K l H,H
 .K s K l H and H s K rK . We can identify H with SO W1, H 1 H 1, H
where W is a nondegenerate subspace of V.
 .  .THEOREM 1. Let p , X be a cuspidal representation of G and let s , Y
be a cuspidal representation of H. Then
dim Hom p , s F 1. . .H
Proof. We inflate p and s to K and K , respectively. We will use theH
.same notation for the inflated representations. We let
G Hp s c-ind p , s s c-ind s .K K H
w x w xBecause K and K are their own normalizers it follows from 6 or 7H
.  .Proposition 6.6 that p and s are irreducible admissible supercuspidal
representations of G and H, respectively.
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We claim that there is an injection,
Hom p , s ¨ Hom p , s . .  .H H
 .  .Let l: X ª Y be in Hom p , s . We define l g Hom p , s in theH H
following way:
GLet f g c-ind p . Then f : G ª X is a compactly supported smoothK
function satisfying
f kg s p k f g for all k g K , g g G. .  .  .
The action of p on such functions is given by right translations. Now
 .define l f s f 9 where f 9: H ª Y is given by
f 9 h s l f h , h g H . .  . .
 .It is easy to check that f 9 g s , l g Hom p , s and l ª l is a linearH
Ämap. To show that it is injective, assume that l s 0. Let X ; p be the
Äspace of functions supported on K. It is easy to see that X is a K
invariant space, and that it is isomorphic to p as a representation of K. It
Äis also easy to see that l ' 0 on X is equivalent to l ' 0 on X. This proves
w xthe claim. By a result of Rallis 9 , we have that
dim Hom p , s F 1. . .H
Hence the theorem is proved.
Our assumption that p and s are cuspidal is justified by the following
q .  .example. The group SO F is almost the same as the group PGL F =4 2
T T .  .  .  .PGL F and SO F ( PGL F . The embedding of SO F into2 3 2 3
q .  .SO F is essentially the diagonal embedding of H s PGL F into4 2
 .  . G s PGL F = PGL F . The p-adic multiplicity one result in this case2 2
w x. < <was proved by Prasad 8 . We assume that F is odd. Let x be a character
cof F*. We extend x to the Borel subgroup B of H. Define p s Ind x .x B
Let x be such that x 2 / 1. Then p and p y1 are both irreducible andx x
y1p m p is an irreducible representation of G. It is easy to check thatx x
D y1dim Hom p m p , p s 3, . .H x x 1
Dwhere H is the diagonal embedding on H into G. Because p has only1
two irreducible components, the trivial representation and the Steinberg
representation and because
D y1 Ddim Hom p m p , 1 s dim Hom p , p s 1, . .  . .H x x H x x
it follows that the multiplicity of the Steinberg representation in the
preceding tensor product is two, hence multiplicity one fails.
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It will be convenient to use the following terminology. Let G be a finite
 .group of Lie type and H a subgroup. We say that G, H is a Gelfand pair
G  .if ind 1 is multiplicity free. We say that G, H is a cuspidal Gelfand pairH
if the multiplicity of a cuspidal representation of G in indG 1 is at mostH
  .  .  .D .one. Hence Theorem 1 states that SO n = SO n y 1 , SO n y 1 is a
 D .cuspidal Gelfand pair while the example shows that PGL = PGL , PGL2 2 2
is not a Gelfand pair of finite groups.
1. MAIN THEOREM
Let F be a p-adic field and let G be the group of rational points of a
connected reductive group defined over F. Let P be a maximal parahoric
q  . qsubgroup of G and let P s N P . Then P possesses a canonicalG
filtration P , n s 0, 1, . . . , such that P s P, and PrP is a reductiven 0 1
 .group defined over the residue field of F. Let Z G be the center of G.
q q .  .  w x .  .Then Z G ; P and P is compact mod Z G . See 7 , 6.5 . Let p , V
q < <be an irreducible representation of P such that p P ' 1 and p P is a1
 .cuspidal representation in the finite Chevalley group sense of the group
w x w x .PrP . Then by 6 or 7 , 6.6 ,1
G
qp s c-ind pP
 .is an irreducible admissible supercuspidal representation of G. We let vp
be the central character of p . Let H be a closed subgroup of G. We
q q  .denote by P s H l P , and Z s Z G l H. Let x be a character ofH H
q< < <H such that x Z s v Z . We denote by x s x P .H p H H
THEOREM 2. There is an injection,
qHom p , x ¨ Hom p , x . . .P HH
 .  .qProof. Let l g Hom p , x . We define l g Hom p , x as follows,P HH
y1l f s l f h x h dh, f g p . .  .  . .H
Z _HH
 .Because f is compactly supported mod Z G the integral converges, thus l
 .is well defined and lies in Hom p , x . To show that the linear map l ª lH
Äis injective assume l ' 0. Let X ; p be the subspace of functions with
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q Äsupport in P . For every f g X we have
y1 q y1 q q0 s l f s l f h x h dh s l f p x p dp .  .  .  .  . .  .H H
qZ _H Z _PH H H
qs vol Z _ P l f 1 . . . .H H
Ä Ä  ..   . < 4Thus l f 1 s 0 for every function f g X. Because the space f 1 f g X
is X we get that l ' 0.
1.1. Application
We shall apply Theorem 2 in the following situation. We shall assume G
to be quasi-split over F and to be split over an unramified extension of F.
 .We will fix an embedding of G into GL O and we will let P s G ln
 . w xGL O . Then P is an hyperspecial maximal parahoric subgroup of G 12n
.3.4.2, 3.4.3, and 2.6.1, see also 3.9.1 for a similar statement , and using the
q  .  .Cartan decomposition for G we can see that P s N P s Z G P. WeG
let G s PrP . Then G is a finite reductive group. We let H be a closed1
subgroup of G and define P s P l H. We let H s P rP . We viewi, H i H 1, H
H as a subgroup of G. We let p be a cuspidal representation of G and we
qinflate it to P. We extend p to P by extending the central character of p
 .to the whole of Z G . We let x be a character of H as in Theorem 2 with
< <the additional assumption that x P ' 1. Then x P induces a character1, H
on H which we denote by x . Theorem 2 in this case reads:
COROLLARY 3. There exist an injection,
Hom p , x ¨ Hom p , x . . .H H
 .  .Hence if G, H is a Gelfand pair of p-adic groups then G, H is a
cuspidal Gelfand pair of finite groups as defined in the end of the
.introduction .
2. TWO EXAMPLES
There are several examples where multiplicity one holds for representa-
tions of a Gelfand pair of p-adic groups. One such example is the
Whittaker model. If G is as in Corollary 3, H s N is a maximal unipotent
subgroup of G and x is a suitably chosen nondegenerate character of N
then Corollary 3 coupled with the uniqueness of Whittaker models for
w xrepresentations of p-adic groups 10 gives us another proof of this
uniqueness for cuspidal representations of finite groups of Lie type. In this
case however, there is a stronger result, namely, the uniqueness of a
Whittaker model for any representation.
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The following two examples are such that multiplicity one fails for some
noncuspidal representations of the finite groups.
2.1. Spherical Models for Cuspidal Representations of Orthogonal Groups
w xBefore considering the general spherical models defined in 1 , we would
like to give another proof of Theorem 1 using Corollary 3. Let G, H, p ,
and s be as in Theorem 1. Then
ÃDHom p , s ( Hom p m s , 1 , .  .H H
D  . < 4where H s h, h h g H is the diagonal embedding of H into G = H,
Ã Ãs is the contagredient representation to s and p m s is the correspond-
 .ing representation of G = H. To prove Theorem 1 we set G s SO n =
 .  .DSO n y 1 , H s SO n y 1 , and x s 1. Then Corollary 3 gives us an
injection,
ÃD DHom p m s , 1 ¨ Hom p m s , 1 , .  .ÃH H
where p m s is the appropriate representation of G as in Theorem 2. By
w x9 the dimension of the second Hom is less than or equal to 1, hence
Theorem 1 follows.
A similar argument can be applied for general spherical models con-
w xstructed in 1 . For these models we shall choose G to be a product of two
orthogonal groups of different dimensions, i.e.,
G s SO n = SO k , k - n , .  .
H s SO k = N j U = SO k , .  . . .R R
and
x s c m c m 1. .¨* jm¨*
w x w xFor all these notations and definitions see 1 . From Corollary 3 and 1
we obtain a multiplicity one statement in this case, i.e., a cuspidal repre-
 .sentation p of the finite group SO n will have at most one spherical
 .model associated to the data s , c , c , where s is a cuspidal¨* jm¨*
 .representation of the finite group SO k and c , c are characters of¨* jm¨*
 . w xunipotent subgroups of SO n defined as in 1 .
 .We can also show that every cuspidal representation of SO n will have
at least one nonzero model for some data as in the foregoing text. The
w x .argument follows the same lines as in 2 Section 3 and is omitted.
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2.2. Linear Periods for GLn
 .  .Let G s GL F and let G s GL F where F is a p-adic field and Fn n n n
is the residue field of F. Let p G 1, q G 1 be two integers with p q q s n
and denote by H s H , H s H the subgroups of G and G , respec-p, q p, q n n
tively, of matrices of the form,
g 01h s  /0 g2
with g g G , g g G or g g G , g g G , respectively . /1 p 2 q 1 p 2 q
Let p be an admissible irreducible admissible representation of G .n
w x .THEOREM 4. 4 , Theorem 1.1 ,
dim Hom p , 1 F 1. . .H
Let p be a cuspidal representation of G . Using Corollary 3 andn
Theorem 4 we get
THEOREM 5.
dim Hom p , 1 F 1. . .H
 .  .Hence G , H is a cuspidal Gelfand pair see end of introduction .n k , nyk
We shall now show that they do not form a Gelfand pair, i.e., that
Theorem 5 is not true if p is not assumed to be cuspidal. Let H be as in
Theorem 5 and let P be a standard parabolic subgroup of G whose Levin
factor is H. Let
G nv s Ind 1.P
 w x  .  ..It is well known see for example 3 3.3 and 2.7 that the number of
 .irreducible components of v counting multiplicities is at most
< <P _ G rP .n
On the other hand, the dimension of the space of H fixed vectors in v is
exactly
< <P _ G rH .n
It is clear that
< < < <P _ G rP F P _ G rH .n n
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 .It is not difficult to see by looking at the big cell , that this is in fact a
strict inequality, hence at least one irreducible component of v will have a
space of H fixed vectors with dimension greater than 1.
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